Abstract. In this work we introduce for extended real valued functions, defined on a Banach space X, the concept of K directionally Lipschitzian behavior, where K is a bounded subset of X. For different types of sets K (e.g., zero, singleton, or compact), the K directionally Lipschitzian behavior recovers well-known concepts in variational analysis (locally Lipschitzian, directionally Lipschitzian, or compactly epi-Lipschitzian properties, respectively). Characterizations of this notion are provided in terms of the lower Dini subderivatives. We also adapt the concept for sets and establish characterizations of the mentioned behavior in terms of the Bouligand tangent cones. The special case of convex functions and sets is also studied. n is defined in [26] to be epi-Lipschitzian at a boundary point x ∈ S if it can be represented near this point as the epigraph of a Lipschitzian function. This amounts to requiring that there be a neighborhood U of x, a one-to-one linear mapping Λ : R n → R n−1 × R, and a locally Lipschitzian function h :
Introduction.
Besides the usual concepts of locally Lipschitzian functions, various new Lipschitz-like properties for extended real valued functions and sets, introduced during the last 30 years, have played a fundamental role in recent developments of optimization and variational analysis. The first extension of the original Lipschitzian behavior property of a function is due to Rockafellar, who introduced in [26, 27, 28 ] the concepts of directionally Lipschitzian functions and epi-Lipschitzian sets. A set S of R n is defined in [26] to be epi-Lipschitzian at a boundary point x ∈ S if it can be represented near this point as the epigraph of a Lipschitzian function. This amounts to requiring that there be a neighborhood U of x, a one-to-one linear mapping Λ : R n → R n−1 × R, and a locally Lipschitzian function h : R n−1 → R such that U ∩S = U ∩Λ −1 (epi h). This local representation is shown in [26] to have a translation in terms of neighborhoods. Through adaptations of this translation, Rockafellar [27] extended the notion to sets in general locally convex vector spaces and introduced the concept of directionally Lipschitzian functions. Among several strong results of [26] , it has been proved that, in the finite dimensional setting, the epi-Lipschitzian property of the set S at x is equivalent to the nonemptiness of its Clarke tangent cone at x. We emphasize (see [26, p. 148 ]) that such a characterization does not hold in infinite dimensional spaces. To illustrate how Lipschitz-like properties are significant in variational analysis, we recall some of the crucial results involving them.
In [28] Rockafellar established, under a certain qualification condition, a subdifferential calculus rule for the sum of two functions, with the Clarke subdifferential, when one of the involved functions is directionally Lipschitzian. The same paper [28] , invoking the epi-Lipschitzian property of sets, also established a rule for estimating the Clarke tangent cone of the intersection of two sets. Note that Rockafellar had already used this property in [26] for obtaining a rule in the estimation of the normal cone of the intersection of finitely many sets. Such calculus rules for functions and sets yield (see [28] ) to general optimality conditions with Lagrange multipliers for optimization problems.
Treiman [35] proved that for closed epi-Lipschitzian sets of Banach spaces the Clarke tangent cone is the limit inferior of Boulingand contingent cones at neighboring points. Such an equality (known to be important in the viability theory of differential inclusions) was previously established by Cornet [9] and Penot [24] for any closed set of a finite dimensional space. Motivated by this formula in the infinite dimensional setting and by the above Rockafellar characterization of the epi-Lipschitzian property via the Clarke tangent cone, Borwein and Strójwas introduced some years later in [6] the notion of compactly epi-Lipschitzian sets. The class of such sets is much larger than the one defined by Rockafellar, and the property holds for every closed set in a finite dimensional normed space. In contrast to the epi-Lipschitzian predecessor concept, it makes it possible to recapture much of the detailed information available in finite dimensions. Moreover, a normed space is finite dimensional when every closed set is compactly epi-Lipschitzian. In the same work [6] it was shown that the equality between the Clarke tangent cone and the lower limit of Bouligand tangent cones still holds for compactly epi-Lipschitzian sets, unifying in this way the related results mentioned above and providing (in the infinite dimensional context) a new large class of sets for which the equality is fulfilled.
In the context of extended real valued lower semicontinuous (lsc) functions, the concept introduced by Borwein and Strójwas was translated by Jourani and Thibault in [19] , where they provided a sum calculus rule for the Ioffe geometric subdifferential (see [15] for the definition) when one of the two functions is compactly epi-Lipschitzian. The same authors in [18] and Ioffe in [17] showed, for such sets in general Banach spaces, the equivalence between weak-star convergence to zero and strong convergence to zero of nets of geometric normal vectors at neighboring points. Earlier results along this line with Fréchet normal vectors are due to Loewen [21] . This convergence result allowed the authors of [19] and [17] to show point-based criteria for metric regularity of mappings or set-valued mappings from a Banach space into another space and to extend Lagrange optimality conditions of [15] with Ioffe's subdifferential under fewer assumptions on the data of the problem. We also refer to [22, 23] , where it is proved that for Asplund spaces it is enough to require the graphical convergence property for sequences, instead of nets, of Fréchet normal vectors.
For the particular case of convex sets, Borwein, Lucet, and Mordukhovich showed in [4] the equality of the relative interior and the quasi-relative interior of compactly epi-Lipschitzian sets. The result is applied to the duality theorem given by Borwein and Lewis [5] .
In view of the relevance illustrated above of directionally and compactly Lipschitzian properties to optimization and variational analysis, several authors have been interested in providing characterizations of these properties. In [28] Rockafellar established a characterization of directionally Lipschitzian behavior for convex functions, linking this property with the nonemptiness of the interior of the (effective) domains of the convex functions.
The first characterization of the directionally Lipschitzian property for general lsc functions was given by Treiman in [36] . He showed, using the Bishop-Phelps technique, the equivalence between the directionally Lipschitzian property and a certain boundedness-like behavior of the Clarke subdifferential and also of the lower Dini directional derivative. The subdifferential characterization given by Treiman was extended by Thibault and Zlateva in [34] for any subdifferential satisfying the Zagrodny's mean value theorem (see [37, 33, 32] ). In [11] Correa, Gajardo, and Thibault established the same characterization for any subdifferential or operator satisfying the representation formula of the Clarke subdifferential (see [29, 7, 20] ).
For the compactly epi-Lipschitzian property of functions, Ioffe [16] gave a characterization in terms of his geometric subdifferential. The equivalence is related to some mixed boundedness property of the subdifferential. For a convex set, Borwein, Lucet, and Mordukhovich showed in [4] the equivalence between the compactly epiLipschitzian property and several conditions related to the interior (resp., relative interior) of the set S + K, the Minkowski sum of S, and some compact set K. They also derived similar characterizations of compactly epi-Lipschitzian behavior for convex functions.
The objective of this work is twofold. First, we aim to obtain equivalences for various Lipschitz-like properties in a unified way. Second, we intend to follow an approach allowing us to provide also several new characterizations as well as some new Lipschitz-like properties. The idea is to introduce a general notion that we call the K directionally Lipschitzian property which covers for functions the concepts of locally Lipschitzian, directionally Lipschitzian, and compactly epi-Lipschitzian behaviors, and which covers for sets the epi-Lipschitzian and compactly epi-Lipschitzian concepts. The main tools for this purpose are the multidirectional mean value inequalities that we state for lower Dini directional derivatives. Multidirectional mean value inequalities were first discovered in a subdifferential version by Clarke and Ledyaev [8] in the context of Hilbert spaces. The extension of multidirectional mean value inequalities to general Banach spaces (with various classes of subdifferentials) is due to Aussel, Corvellec, and Lassonde [1] , and the case of spaces with smooth bump functions is studied in Zhu [38] . The versions used in this paper are adaptations to lower Dini directional derivatives, which have been given in [12] .
The characterizations of the K directionally Lipschitzian property that we provide in this paper are, for a function f , related to some mixed boundedness property of the lower Dini directional derivative of f and, for a set S, related to the interior of the Minkowski sum of the Bouligand tangent cone of S and some compact set.
The paper is organized as follows. In the next section we recall the concepts of lower Dini directional derivatives, and we state the multidirectional mean value inequalities related to those directional derivatives. In section 3 we define the property of K directionally Lipschitzian behavior of a function and establish relationships between this property and a certain mixed boundedness of lower Dini directional derivatives of the function. It is shown that the directional characterization of the directionally Lipschitzian property of functions given by Treiman [36] is recovered. Section 4 provides tangential characterizations, in terms of Bouligand tangent cones, of K directionally Lipschitzian sets. In section 5, we study the particular case where convexity is present, providing in this way additional characterizations of convex functions or sets which are K directionally Lipschitzian. The results of that section encompass characterizations given by Rockafellar [28] for the directionally Lipschitzian property of convex functions, and given by Borwein, Lucet, and Mordukhovich [4] for the compactly epiLipschitzian property of convex sets. Finally, we provide an application to the study of a Lipschitz-like property for the optimal value function of a certain optimization problem.
For characterizations of K Lipschitz-like properties of functions in terms of subdifferentials which are not (necessarily) characterized by generalized directional derivatives as support functions, we refer to paper [10] which is a continuation of this one.
Preliminaries.
Throughout the paper, unless otherwise stated, (X, · ) stands for a real Banach space, X * for its topological dual, and ·, · for the duality pairing.
For any lsc function f : X −→ R ∪ {+∞} andx ∈ dom f := {x ∈ X : f (x) < +∞}, we begin by recalling some well-known concepts in variational analysis (see [22] and [31] ).
The
A useful variant of this derivative in some Banach spaces is the sequential weak lower Dini directional derivative
where the weak topology is used in the notation v n v and where the infimum is taken over all sequences (v n ) n and (t n ) n converging, respectively, to v and 0 + . Obviously, one has
Recalling that the epigraph of f is the set
and the indicator function of a set S ⊂ Y is defined for all y in the space Y by
it is easily seen that for allx ∈ dom f and for (v, s) ∈ X × R one has
For an extended valued function φ on X and a nonempty subset S ⊂ X we define the limit of infimums of φ over enlargements of S by
where B X denotes the open unit ball in X centered at the origin.
The equality of the following lemma under the compactness of S has been previously observed in Proposition 3.2 of [1] . For the convenience of the reader we give a simple proof.
Lemma 2.1. If S ⊂ X is a compact set and φ : X −→ R ∪ +∞ is lsc, then
Proof. Evidently one has
To prove the opposite inequality we may suppose that linf v∈S φ(v) < +∞. Fix any real number r > linf v∈S φ(v). Then, by (2.6), for each n ∈ N there exist v n ∈ S and
Since S is compact, we can take a subsequence of v n + u n converging to somev ∈ S. From the lower semicontinuity of φ we obtain
So we conclude that inf v∈S φ(v) ≤ linf v∈S φ(v).
Our main variational tools in this work are the multidirectional mean value inequalities that we give in Theorem 2.2 below. The theorem was first established in its subdifferential version (in fact, with the smallest known subdifferential, which is the proximal one) by Clarke and Ledyaev (see [8] ) in the context of Hilbert spaces. Its extension to general Banach spaces (with various classes of subdifferentials) is due to Aussel, Corvellec, and Lassonde [1] . The versions below are adaptations to Dini directional derivatives which have been given in [12] .
In the statement of the theorem we denote by d S (x) the distance from x to a set
lsc function, and a ∈ dom f . Assume that for the drop
Proof. The relation (a) can be established following the proof of Theorem 6.1 in [1] . For the second inequality see [12, Proposition 1].
Directional characterizations.
We begin this section by introducing, for any subset K ⊂ X, the concept of K directionally Lipschitzian functions. Throughout, for x ∈ X and r > 0 we denote by B(x, r) the open ball of X centered at x with radius r.
Definition 3.1. We say that a lsc function f :
or, equivalently, if there exist β ∈ R and r > 0 such that
, and
Observe that the expression whose linf is taken in (3.1) and
When f is K directionally Lipschitzian atx, obviously it is also K directionally Lipschitzian atx for any set K ⊃ K. It is also easily seen that f is K directionally Lipschitzian atx if and only if it is ρK directionally Lipschitzian for any ρ > 0.
Remark 3.2. We note that the notion of K directionally Lipschitzian behavior recovers some well-known concepts in variational analysis.
• [27, 6, 19] ) that a lsc function f : X → R ∪ {+∞} is directionally Lipschitzian (resp., compactly epi-Lipschitzian) atx ∈ dom f if and only if there exists a vectorv (resp., a compact set K) of X, a real number β, and a positive number r such that
Obviously a lsc function is locally Lipschitzian at a point of its effective domain if and only if it is {0} directionally Lipschitzian at that point. Recall (see
(3.3) t −1 [f (x + tv + tb) − f (x)] < β resp., inf v∈K t −1 [f (x + tv + tb) − f (x)] < β for all x ∈ B f (x, r), b ∈ rB X , and t ∈ ]0, r[. So, according to (3.2), • a
lsc function is directionally Lipschitzian at a point of its effective domain (see [27]) if and only if it is {v} directionally Lipschitzian at that point for somev ∈ X; • a lsc function is compactly epi-Lipschitzian at a point of its effective domain
(see [6, 19] ) if and only if it is K directionally Lipschitzian at that point for some compact set K ⊂ X. Finally, we observe that every lsc function is B X (the closed unit ball) directionally Lipschitzian at any point of its effective domain, and therefore every lsc function on X is compactly epi-Lipschitzian at any point of its effective domain whenever X is a finite dimensional space. In fact, the compactly epi-Lipschitzian property of any lsc function f on X characterizes the fact that X is finite dimensional since, taking as f the indicator function of the singleton {0}, the second inequality of (3.3) entails that for the positive number r and the compact set K of (3.3) one has rB X ⊂ K, and hence the compact set K is a neighborhood of the origin.
The following proposition provides some mixed upper boundedness property of the lower Dini directional derivative of a K directionally Lipschitzian function.
, where r > 0 and β ∈ R are as given by (3.2) in Definition 3.1.
Proof. Take r > 0 and β ∈ R given by (3.2) and fix x ∈ B f (x, r), b ∈ rB X , and t n → 0 + . Since K is compact, from Lemma 2.1 and inequality (3.2), for n large enough there exists v n ∈ K such that
Taking a subsequence of (v n ) converging to some v = v(x, {t n }, b) ∈ K and passing to the limit inferior in the above inequality, one obtains
which proves the desired result.
When K is weakly compact, a similar mixed upper boundedness property holds with the weak sequential lower Dini directional derivative defined in (2.2).
Proof. Fix r > 0 and β ∈ R satisfying (3.2). For x ∈ B f (x, r), b ∈ rB X , and t n → 0 + we have, for n large enough,
According to (2.6), for such integers n, choose v n ∈ K and u n ∈ (1/n)B X such that
We use now the Eberlein-Šmulian theorem (see, for example, [14, Theorem V.6.1]) in order to take a subsequence of (v n ) converging weakly to some v = v(x, {t n }, b) ∈ K, and hence
In order to establish the converse of Propositions 3.3 and 3.4 (without any compactness assumptions on K) we give the following lemma. Proof. Suppose that f is K directionally Lipschitzian atx, and fix β ∈ R and r > 0 given by (3.2). Then, for all x ∈ B f (x, r), t ∈ ]0, r[, b ∈ rB X , and δ > 0 there exists v δ ∈ K + δB X such that
By
which is equivalent to the inequality
and therefore
Let us now suppose that Ψ epi f is K × {β } directionally Lipschitzian at (x, f (x)). Thus, there exists r > 0 such that for all (
This implies that, for all δ > 0, there exists v δ ∈ K + δB X and β δ ∈ {β }+] − r, r[ such that
and hence, in particular, for any x ∈ B f (x, r) with the choice of s = f (x) we can obtain (3.2) with β = β + 2r.
The following result establishes a converse of Proposition 3.3 via the multidirectional mean value inequality (2.7).
Proposition 3.6. Let f : X −→ R ∪ {+∞} be a lsc function,x ∈ dom f , and let K ⊂ X be a closed bounded subset. Assume that there exist r > 0 and β ∈ R such that
for all x ∈ B f (x, r). Then, f is coK directionally Lipschitzian atx, where coK denotes the closed convex hull of K. Proof. We put K = coK. We first suppose f to be continuous on dom f with respect to the induced topology on dom f . Letν > 0 be such that f is bounded from below on B(x,ν). For any η > 0 we denote by ξ(η) ∈ ]0, η[ a positive number such that
Without loss of generality we assume r <ν. Let r ∈ ]0, ξ(r)/2[ be such that we have that for any α > 0 and δ > 0 there exist v ∈ K + δB X (depending on α and δ) such that
(1) Fix α > 0 and δ > 0. We first show that f (x + tb + tv ) is finite. Consider any real number ρ ≤ f (x + tb + tv ) (such numbers exist since f (x + tb + tv ) > −∞). Taking into account the boundedness from below of f over D + (ν/2)B X and the fact that f (x) is finite because x ∈ B f (x, r ), we may apply the mean value inequality (2.7). This provides, for the real number ρ − αt satisfying ρ − tα ≤ linf z∈C f (z) (see (3.6)), the existence, for each integer n, of some
This yields for all v ∈ K and all integers n
where μ = sup v∈K v + r is finite due to the boundedness of K . Since d D (x n ) < ξ(r)/2 for n large enough, by (3.5), we have for such integers n
Then by (3.7) and assumption (3.4) we have in particular
This shows that f (x + tb + tv ) is finite.
(2) Since f (x + tb + tv) is finite, we may take ρ = f (x + tb + tv) ∈ R and proceed with arguments as in (1) . For the appropriate sequence (x n ) and for n large enough, according to (3.7) and our assumption (3.4) we have
and hence
Taking the limit for n → ∞ and then the limit for α → 0 + , we obtain
for all x ∈ B f (x, r ), t ∈ ]0, r [, and b ∈ r B X . According to (3.2) we conclude that f is K directionally Lipschitzian atx. Let us prove now that (3.4) implies that, for some β ∈ R and some r > 0, we have
On the one hand, fixing γ > 0, we obtain from (3.4) that for all x ∈ B f (x, r),
On the other hand, if (x, s) ∈ epi f , one has from (2.5) that
Choose by lower semicontinuity of f some r ∈ ]0, r[ such that f (x) > f(x) − r for all x ∈ B(x, r ). Thus, we may see that for all (x, s) ∈ epi f ∩ B((x, f (x)), r ) and for all
which means that (3.8) is satisfied. Since the function Ψ epi f is continuous on its effective domain with respect to the induced topology, from the first part of the proof we obtain that Ψ epi f is K × {β } directionally Lipschitzian at (x, f (x)), and by Lemma 3.5 we conclude that f is K directionally Lipschitzian atx. Remark 3.7. The argument of part (1) above clarifies the fact that f (x + tv ) in line 4 of page 64 of [12] is finite when the second member of inequality (14) in [12] is less than +∞. This point has been omitted in the proof of Theorem 2 in [12] .
In the case of Asplund spaces the multidirectional mean value inequality (2.8) may be used, instead of inequality (2.7), to establish a converse of Proposition 3.4.
Proposition 3.8. Let f : X −→ R∪{+∞} be a lsc function,x ∈ dom f , K ⊂ X a closed and bounded subset, r > 0, and β ∈ R such that 
As a direct consequence of the above theorem we obtain characterizations for directionally Lipschitzian and compactly epi-Lipschitzian functions in the sense of [28] and [6] (see also [19] ), respectively, in terms of the lower Dini directional derivatives. The characterization of the directionally Lipschitzian property in terms of the lower Dini directional derivative (part (i) in Corollary 3.10 below) was previously established by Treiman in [36, Theorem 6] using the technique of Bishop and Phelps [2] .
To our knowledge, characterizations for directionally Lipschitzian behavior, in terms of the sequential weak lower Dini derivative, and characterizations for compactly epi-Lipschitzian functions given in the next corollary, are new. 
(ii) f is compactly epi-Lipschitzian atx ∈ dom f if and only if there exist a compact set K ⊂ X, r > 0, and β ∈ R such that
(iii) In the case when X is Asplund, the directionally Lipschitzian and compactly epi-Lipschitzian properties of f atx are also characterized as above but with d
Proof. Using (a) for (i) and (ii) (resp., (b) for (iii)) in Theorem 3.9, it is a direct consequence of the inequality inf coK ≤ inf K and the fact that coK is compact when K is compact (see, for example, [14, Theorem V.2.6]).
Although we will not go further with the usual Lipschitzian property, we emphasize that with K = {0} in Theorem 3.9, we obtain that the lsc function f on the general (resp., Asplund) Banach space X is Lipschitzian nearx if and only if there exist r > 0 and
for all x ∈ B f (x, r) and v ∈ rB X . See [36] for the characterization inequality with d − f (·; ·).
Tangential characterizations.
In this section, we will provide characterizations of Lipschitz-like properties for closed sets. Let us start first with the following definition.
Definition 4.1. We say that a closed set S ⊂ X is K directionally Lipschitzian atx ∈ S, for some set K ⊂ X, if its indicator function Ψ S is K directionally Lipschitzian atx. This means that there exists r > 0 such that for all t ∈ ]0, r[ one has
Remark 4.2. In the above definition notice that if K ⊂ X is compact, one has
In fact, for this case S − tK will be closed. [27] (resp., compactly epi-Lipschitzian in the sense of [6] ) atx ∈ S when there exist a vectorv ∈ X (resp., a compact set K of X) and a real number r > 0 such that
Remark 4.3. From the above remark we note that the notion of K directionally Lipschitzian behavior recovers two well-known concepts in variational analysis. Recall that a closed set S is epi-Lipschitzian in the sense of
S ∩ B(x, r)+]0, r[B(v, r) ⊂ S (resp., S ∩ B(x, r) + trB X ⊂ S − tK ∀ t ∈ ]0, r[).
So, according to the above remark we have the following equivalences: • A closed set is epi-Lipschitzian at one of its points if and only if it is {v} directionally Lipschitzian at that point for some v ∈ X. • A closed set is compactly epi-Lipschitzian at one of its points if and only if it
is K directionally Lipschitzian at that point for some compact set K ⊂ X.
Finally, we observe that every closed set is a B X directionally Lipschitzian set, where B X is the closed unit ball in X, and therefore, if X is a finite dimensional space, every closed set of X is compactly epi-Lipschitzian. In fact, arguing as in the previous section for lsc functions, we see that the latter property characterizes the finite dimensional vector spaces in the sense that a Banach space is finite dimensional if and only if every one of its closed sets is compactly epi-Lipschitzian. In fact, X is finite dimensional whenever {0}, and a fortiori every singleton, is a compactly epi-Lipschitzian set.
Now we will apply Theorem 3.9 in order to obtain tangential characterizations for K directionally Lipschitzian sets. With this purpose we recall that the Bouligand tangent cone to S ⊂ X at x ∈ S is defined by T B (S; x) := Lim sup
and the weak sequential Bouligand tangent cone to S at x ∈ S is given by
where v n v stands for the convergence with respect to the weak topology. From the above definitions, it is straightforward to see that
Translating Proposition 3.6 with indicator functions yields the following result. Proposition 4.4. Let S ⊂ X be a nonempty closed set, and letx ∈ S. If one of the following two assertions is satisfied for some closed bounded set K ⊂ X and some r > 0, then S is coK directionally Lipschitzian atx:
(a)
(b) X is an Asplund space and
Proof. The proof is direct from Proposition 3.6 and equalities (4.1) and (4.2). In a similar way, using Theorem 3.9, we obtain the following characterization. 
then S is K directionally Lipschitzian atx ∈ S with K convex weakly compact if and only if there exists r > 0 such that
Proof. The proof is direct from Theorem 3.9 together with equalities (4.1) and (4.2).
As a consequence, we obtain the following new characterizations of epi-Lipschitzian and compactly epi-Lipschitzian sets in terms of tangent cones, which follow directly from Theorem 4.5.
Corollary 4.6. Let S be a closed subset of X andx ∈ S. Then the following hold:
(a) The set S is epi-Lipschitzian (resp., compactly epi-Lipschitzian) atx if and only if there exist somev ∈ X (resp., some compact set K ⊂ X) and r > 0 such that
(b) If X is Asplund, then the set S is epi-Lipschitzian (resp., compactly epiLipschitzian) atx if and only if there exist somev ∈ X (resp., some compact set K ⊂ X) and r > 0 such that
5. The convex case. This section examines the K directionally Lipschitzian property for convex functions and sets. It improves, in the complete space setting, Theorem 4.1 in [4] . Before stating the main result, let us recall that for a convex function f : X −→ R ∪ {+∞}, which is finite at x, the directional derivative
exists in R ∪ {−∞, +∞} for any v ∈ X and that
We start now with the following theorem. Some of its equivalences follow along the lines of (g) There exist β ∈ R and r > 0 such that
Proof. Observe first that for any r > 0 the function x → ϕ(x) := inf v∈rK f (x + v) is convex (because of the convexity of f and K) and is also lsc. Indeed, fix any x ∈ X and choose a sequence (x n ) of X converging to x and such that lim inf x →x ϕ(x ) = lim n→∞ ϕ(x n ). By compactness of K and lower semicontinuity of f , choose for each n some v n ∈ K such that ϕ(x n ) = f (x n + v n ). By compactness of K again, there exists some subsequence (v s(n) ) that converges to some v ∈ K. According to the lower semicontinuity of f , we have
Since v ∈ rK, we obtain ϕ(x) ≤ f (x + v) ≤ lim inf x →x ϕ(x ), and hence ϕ is lsc. Further, K being compact, from Lemma 2.1 we can use inf K instead of linf K .
(a) ⇒ (b). Assume that (a) holds, and choose β ∈ R and r > 0 such that
for all x ∈ B f (x, r), t ∈ ]0, r], and b ∈ rB X . Then taking x =x and t = r, we see that
that is, for β :
The property (b) then holds with β , r, and U = B(x, r 2 ). The function ϕ being convex and with values in R ∪ {+∞}, it is known that it is bounded from above on a neighborhood ofx if and only if it is finite and continuous atx. This says that (b) ⇔ (c).
The assertions (c), (d), and (e) are equivalent due to the convexity and the lsc property of the function ϕ on the Banach space X with dom ϕ = dom f − rK. (a) The function f is K directionally Lipschitzian at somex ∈ dom f for some
For any (resp., some) pointx ∈ dom f there exist some β ∈ R, r > 0, and
(e) For any (resp., some)x ∈ dom f there exist some β ∈ R, r > 0, and
(f) For any (resp., some)x ∈ dom f there exist some β ∈ R, r > 0, and K ∈ K such that (d) For any (resp., some)x ∈ dom f there exist somev ∈ X, β ∈ R, and r > 0 such that
The above result recovers the characterization of the directionally Lipschitzian property given in [28 
(d) For any (resp., some)x ∈ dom f there exist some β ∈ R, r > 0, and some compact set K of X such that
Proof. The proof is direct from Corollary 5.2, the inequality inf coK ≤ inf K , and the fact that coK is compact whenever K is compact.
For a class K of nonempty convex compact sets which is stable under translation and positive scalar product, the assertions of Corollary 5.2 yield the following equivalences for the K directionally Lipschitzian behavior, with K ∈ K, of convex sets.
Corollary 5.6. Let S be a nonempty closed convex subset of X, and let K be a class of nonempty convex compact subsets of X which is stable by translation and positive scalar product. Then the following are equivalent: Recalling that a closed set S is locally convex atx ∈ S if there exists a neighborhood U ofx such that S ∩ U is convex, it is directly seen that, for this class of sets, the same characterizations in the above corollaries still hold with S replaced by S ∩ U .
K directionally Lipschitzian property of optimal value function.
In this section, we present an example where characterizations of Lipschitz-like properties, obtained in the previous sections, can be used in the analysis of the behavior of value functions in optimization problems. It is not the aim of this work to provide technical details in order to ensure the existence and to obtain the expressions of directional derivatives of value functions, a subject studied deeply in, among others, [13, 30, 3] (and references therein). Our objective is to show how our approach can be used in this framework. The detailed study of more general mathematical programming and optimal control problems will be the subject of a future work.
Let X be a Banach space, U be a compact space, and φ : X × U −→ R ∪ {+∞} be a lsc function bounded from below. We will denote by d Lipschitzian property which covers, for functions, the concepts of locally Lipschitzian, directionally Lipschitzian, and compactly epi-Lipschitzian properties, and for sets, the epi-Lipschitzian and compactly epi-Lipschitzian concepts. The characterizations of the K directionally Lipschitzian property for a function are related to some mixed boundedness property of its lower Dini directional derivative, and for a set they are related to the interior of the Minkowski sum of its Bouligand tangent cone and some compact set.
For characterizations of K Lipschitz-like properties of functions in terms of subdifferentials which are not (necessarily) generated by generalized directional derivatives as support functions, we refer to paper [10] which is a continuation of this one.
